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ESTIMATING CAPACITY UTILIZATION IN NETWORK DEA IN
THE PRESENCE OF UNDESIRABLE OUTPUTS

Abstract. This paper aims to evaluate the performance of two-stage
production processes through the estimation of capacity utilization with presence
of undesirable outputs. Capacity utilization is a determinant which measures the
capability of decision making units to utilize fixed inputs in short-run. Hence, to
develop it on these systems, factors production are categorized into fixed and
variable inputs. Then the SBM-based two-stage DEA model is modified to apply
the weak disposability to modeling undesirable factors. The study progressed to
consider the effect of intermediate measures on capacity utilization. Ultimately the
presented numerical example illustrates the effectiveness and applicability of
current model.
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1. Introduction

Since production generally requires the accessibility to production factors,
its increase could be achieved through two ways. improvement in production
factors and their optimal utilization. These days, taking resource limitations into
account, production improvement and optimal utilization of production factors are
substantially possible through employing optimal resource managements and
methaods. It could be stated one of the ways to optimize synthetic production factors
isto boost efficiency through optimal utilization of capacity.

Managers and policymakers in diverse manufacturing and service firms are
always obsessed with performance rate as well as potential production. Thereupon,
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technical and valid reactions to these issues extensively affect their standpoint and
plan. Capacity utilization, one of prominent economic indicators, displays the
degree of exploitation in companies. Accordingly, this concept mainly refers to
relation between actual output (actual production) produced by embedded
equipment as well as accessible output (potential production) produced providing
taking all available equipment into use (lhgirika and Warri, 2012). The same way,
Ray (2011) explicating capacity utilization, applies the term unwanted or
unintentional additional production capacity for the differentiation between
production capacity and actual production. Put simply, capacity plays a significant
role in economic anaysis. Indeed, there are myriad definitions and
misunderstandings on so-called capacity.

Altogether, there are two diverse economic and engineering standpoints
regarding production capacity, in the way that technically feasible issue probably
isn't economically desirable. Regardless of its varied definitions, capacity directly
stands for potential production level. Likewise, Ray (2011) considers the gap
occurred between technical and economic capacity utilization as programmed and
intentional extraempty capacity.

It should be claimed that from technical standpoint, potential output is
obtainable technically. Thereupon maximum physical product is thoroughly
achievable when fixed inputs are supportable and variable inputs totally used up.
Furthermore, physical concept of capacity implies maximum potential output in a
production unit with given technology and capital accumulation without any
limitation on short term unstable production factors. Gold (1955) is a pioneer
researcher to put forth an argument over capacity measurement. He firmly states
Production capacity estimation appears in two ways. the estimation of tota
possible production rate and synthetic production capacity. Simply put, Johansen
(1968) introduced capacity utilization's theoretical framework. He defined the
technical measure of capacity output as, " the maximum amount that can be
produced per unit of time exiting plant and equipment, provided the availability of
variable factors of production is not restricted" (1968, p. 68). In recent year, some
studies have based on Johansen's definition and employed the Data Envel opment
Anaysis (DEA) methodology to measure capacity output and CU's manufacturing
and service sectors (Arfaet a (2017), Yang et a (2018), Yu et a (2016), Yang and
Fukuyama (2018) and Zhang et a (2016)). DEA is the most appropriate non-
parametric evaluation technigue to measure relative efficiency of decision making
units (DMUs) which convert multi-inputs into multi-outputs. This technique was
first introduced by Charnes et a. (1978) and then extended by other researchers.

Fare (1984) employed the DEA method to estimate production capacity
firms. The offered methodology was the weaker version of the Johansen's
definition in which the outputs are limited by fixed production factors.
Furthermore, he represented that the plant capacity concept cannot be obtained for
certain parametric technology (e.g., Cobb-Douglas). In fact, the necessary and
sufficient conditions are provided for existence of plant capacity. Fare's approach
was modified and developed by Fare et.al (1989, 1994). Fare et.a (1994) illustrated
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that proposed CU measure by Fare et.al (1989) may be biased downward. They
suggested an output oriented measure of technical efficiency that could be applied
to compute the capacity output. Later, their technique has been widely utilized in
varied sectors (Arfaet a (2017), Yu et a (2016), Yang and Fukuyama (2018)). To
introduce a non-radial measure of CU, Cooper et al. (2007) developed dack-based
measure (SBM) model to calculate these concepts. Their approach is used to study
CU in banking industry (Sahoo and Tone (2009)). Moreover, Arfa et a (2017)
investigated the technical measure of CU for a sample of Public District Hospitals
(PDH) in Tunisia. They applied dual DEA approach to measure individual PDHs
capacity utilization. Yu et al (2016) used a slack-based DEA model to estimate the
physical CU. They also calculated cost gap between actua and global long-run
minimum costs. What's more the method is applied on areal case study of 13 low-
cost carriers around the world for the year 2010. A dynamic CU measure, applying
a dynamic SBM-DEA model, was first defined by Zhang et a (2016). Meanwhile
they computed the CU of China'sindustrial sector.

Unlike researches under took in the CU field, Cesaroni et a. (2017)
employed DEA technique to propose a new input-oriented measure of plant
capacity utilization. They illustrated the convexity effect of technology on both the
output- and input-oriented plant capacity concepts.

Recently, Yang and Fukuyama (2018-omega) developed a generalized
capacity utilization indicator in presence of bad outputs to determine the regional
production potential of Chinese provinces. The current indicator measures the
extent to which the current variable inputs of the evaluated DMUs are consumed.

In fact, these inputs produce the maximal amounts of good outputs. In this
manner the indicator requires no information on prices. They defined it as the
difference between two directional distance functions. Another study conducted by
Yang et a. (2018) to investigate CU's Chinese manufacturing industries. Their CU
definition indicator of CU is established on both DEA methodology and directional
distance functions. The aforementioned studies applied the traditional DEA models
to estimate each production unit's capacity utilization. In traditional DEA models,
the DMUs are treated as black-boxes that convert inputs to outputs. Ignoring
internal structure of DMUSs, they are unable to deliver sufficient management
information to managers and decison makers. This defect is specifically
perceptible in facing some production processes such as two-stage production
systems. So, they cannot be directly utilized to evaluate the performance of two-
stage network production processes. See Kao (2014) for more details.

Unlike referred studies, Ahranjani and Matin (2018) considered the current
concept on two-stage production processes. They introduced and modified the
radial two-stage DEA model to extend the Fare et a (1994)'s work. They aso
demonstrated the efficacy of intermediate production on CU achieved values.
Furthermore, their study describes evaluated DMUs as basic two-stage processes
where al intermediate measures produced by first stage are consumed by second
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for production. The present study aims to investigate this indicator on two-
stage network production systemsin the presence of undesirable factors. Then
the influence of undesirable intermediate production as well as undesirable
final outputs on systems is put under carful study. Hence, to develop this
indicator on the general two-stage production processes, the SBM network
DEA model is maodified to use the weak disposability to modeling undesirable
factors.

The rest of paper is organized as follows. The required background is
presented in section 2. The two-stage structures are introduced in section 3.
Estimation of CU scores in two-stage production systems with undesirable factors
is provided in section 4. A numerical example illustrates the effectiveness of the
proposed model in section 5. Conclusions are drawn and further research outlined
inafinal section.

2. Background

There are two fundamental approaches in DEA, radial and non-radial, which
can measure the efficiency of DMUs. Each model has specific characteristics. For
example, the radia models consider proportional changes of input or output
resources and mostly neglect the existence of dacks in reporting the efficiency
scores, whereas the non-radial models directly work with input excesses and output
shortfalls. Hence, they are able to detect efficient units from inefficient ones. In
these models the alterations of inputs and outputs are not proportional therefore the
reduction (increase) at different rates are alowed in them. One of the most
important non-radial models in DEA was introduced by Tone (2001) that called
Slack-Based Measure (SBM). Necessary to add that, in recent years, the estimation
of production systems efficiency has been usually done by the SBM.

2.1 The Slack-Based M easure model with undesirable outputs

Slack-based measure is widely utilized as a non-radial DEA model which in
three variations, i.e. input-, output-, and non-oriented, introduced by Tone (2001).
Non-oriented SBM is defined by Tone (2001) asfollows:
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This model put asides the assumption of proportionate changes in inputs and
outputs and directly applies input and output slacks in efficiency measure. It also
satisfies some interesting properties, namely, it is unit invariant and monotone
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decreasing in each input/output slack. Suppose there are n homogeneous DMUs
each of which has three types of variables, i.e. inputs, desirable outputs and
undesirable outputs which are indicated as vectors xeR™,y9eR5tand y?eR52
respectively. Note that m, S; and S, denote the number of the variables. Also,
assume that all data are positive (x, y9and y? > 0).
The production possihility set isillustrated as follows:

P = {(x,yg,yb)|x can produce (yg,yb)}
Tone (2004) developed the Tone's SBM model to introduce a new model with
undesirable outputs as follows:
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Where 1; is the intensity variable, and s~ and s*( sb) denote the inputs and the
desirable (undesirable) outputs slack vectors respectively. Note also that model (1)
is a fractional program, which can transform into an equivalent linear form
(Charnes-Cooper transformation 1962).

2.1.1 output-oriented SBM model with undesirable outputs

Tone (2004) presented output-oriented of the model (2) asfollows:
Sz S,T Sz S}f
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These models are applicable for manufacturing firms as black boxes where some
inputs are consumed to produce some outputs. Therefore, they are not useful to
evaluate the performance of network systems due to overestimating the overal
efficiency scores.
3. Two-stage production processes

The simplest structure of a network system is two-stage production process
which maintains the series relationship between two processes. Kao (2014) puts
forward two types of two-stage network structure: basic and general (see Figure 1).
In the former structure, al outputs of the stage 1 are used as only inputsin the stage
2. The latter which is illustrated in Fig. b is the extension of the basic two-stage
structure. In the current structure, to produce final outputs both stages are allowed
to consume external inputs.

Figure a: basic two-stage structure
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Figureb: general two-stage structure
Figure 1: Two-stage network structures.
The large number of DEA models is introduced to evaluate the performance of
two-stage production processes. These models developed the basic DEA
methodology by taking two sub-processes for each system. It provides a state of
"look inside" the DMUs to identify the sources of inefficiencies.
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Figure 1 illustrates two types of two-stage network structures. Fig a are mostly
worked and practiced in many researches, which states whole outputs of first stage
are the only inputs in second stage (Kao (2014)).
3.1 Capacity utilization in DEA framework

The physical measure of capacity utilization is an important economic
parameter of performance which points out the ability of firms to use their fixed
factors in the short-run. On this basis, the inputs have got two categories for each
DMU: fixed (x/) & variable (x¥) i.e. x = (x/,x¥). Note that al factors of
production can be altered in the long-run.

To calculate CU measure, Cooper et a. (2006) applied the output oriented
SBM model to present non-radial measure of capacity output and considered
DMUs access to many variable inputs needed for full capacity. Therefore, by the
omission of corresponding restrictions of variable inputs following CRS model is
formed as:

1o st
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Suppose that p; and pF are the optimal values obtained by solving models (1) and
(4) respectively. According to CU definition, its measure is calculated by following
equation (Cooper et a. 2006):

_ P

=—F
Po

cU (1)

Recent relation indicates that the produced gap between actual and
capacity output which is specifically created by inefficient utilization of fixed
inputs is measured by CU. The mentioned relation under the CRS assumption and
applying the redial model is proposed by Fare et a. (1994). The created model is
named the plant capacity utilization measure of the DMU. In Fare et a. (1994)
argument, CU measure is the most technically efficient output level ration to the
capacity output level.
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4. Estimation of physical capacity utilization with undesirable factors
In this section, it is assumed that all DMUs have got two-stage structure as figure
2. To assess each DMU's capacity output, the following CRS two-stage DEA
model is proposed:

s.t.

] p]<Vpo p=1..P (5)

In the above model, the presumption is that DMU under evaluation has availability
to numerous variable inputs required for full capacity. Accordingly the
corresponding restrictions from the model are removed. Note that the treatment of
variable inputs is regarded as the only magjor difference between two models (3)
and (5).

Let n* and ny be the optimal value of models (3) and (5) respectively, by
definition, the physical measure of capacity utilization in two-stage production
systems can be computed as relation follow:

*

CUDMU, ) = Z— 6)

F
It is obvious that n; > n*. Therefore, the value of this indicator can be no greater
than one. Considering recent relation, we can classify DMUs into two categories:
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e (CU=1i.e DMU cannot produce more output using the current fixed
inputs. In other words, it has ability to utilize their fixed factors in the
short-run.

e (U < 1i.e thesefirms have excess capacity and could produce more than
their current levels.

It should be noted that the current measure is not downward biased and lacks
of any technical inefficiency. Furthermore, ((1 — CU) = 100) is regarded as the
percentage which its capacity doesisn't used by DMU.

5. Numerical example

In this section, a numerical example is considered to represent the results
and the effectiveness of proposed model. The current data is extracted from
Amirteimoori et al. (2014)'s paper where the performance evaluation of 13 poultry
farms is discussed. As it was illustrated on figure (A), there is structural
consistency between demonstrated two-stage construction with the performance of
poultry farms as an industrial active unit. Amirteimoori et al. (2014) illustrated and
modeled each poultry farm (DMU) as a two-stage production process which stage
1 comprises first 21 days and stage 2 comprises an interval from 22th day to the
end.

M&C(Y}) M&C(Y?
FeCo(X%;)
NBC(X;)— —FCR (V%)
FeCo(X%;)—» Stage 1 ——FCR(Zy;) — Stage 2
—PrMe (ngj)
OpEx(X%;)—» ——PrMe(Z;) —

OpEx(Xzzj)—/

Figure A. Two-stage network of poultry farm

The data set involves 13 DMUSs, three inputs (New Born Chicks-x;, Feed Cost-x,
and Operational Expenses-x3), two desirable intermediate measures (Feed
Conversion Ratio-v; and Produced Meat-v,), one undesirable output from stage 1
that leaves the system (Mortality and Condemn-w), two extra inputs to stage 2
(Feed Cost-z; and Operational Expenses-z,) and three fina outputs from stage 2
(Feed Conversion Raito-y,, Produced Meat-y, and Mortality and Condemn-ys).
Also, note that y; and y, are two good (desirable) outputs and y; is one bad
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(undesirable) output by second stage. Furthermore, it should be mentioned that x,
stands for the only variable input while x, and x; are representative fixed
elements. Table 1 and 2 report them.

Table 1. Data of 13 poultry farms (information of stage 1)

Stage 1
I nput Output intermediate
DMU | NBC FeCo OpEx M&C FCR PrMe
(x1) (x2) (x3) (w) (v1) (v2)
1 12700 148500 57370 467 1.69 6691.5
2 14670 171740 63900 513 1.65 78713
3 13300 154930 63220 1263 172 6921.3
4 15000 182880 66590 421 171 8280.9
5 12000 147490 57030 758 1.68 6340.5
6 14000 165080 63640 1098 1.70 7134.8
7 13000 168930 62020 646 175 72024
8 14900 175430 71680 821 1.62 7475.9
9 13500 169520 62300 518 171 7399.7
10 12800 144130 60930 623 1.63 6356.4
11 19800 235970 80960 1042 1.67 10373.2
12 11000 133540 51340 385 1.68 5933.8
13 12600 148870 57210 479 1.63 6521.1
Table 2. Data of 13 poultry farms (information of stage 2)
Stage 2
Input Output
DMU M&.C PrMe FCR OpEX FeCo
o™ (»v7) 7 (z2) (z1)
1 173 28582.2 1.98 97920 438500
2 197 32387.2 1.93 110160 491760
3 306 28506.3 2.00 106150 435410
4 79 34075.0 1.95 126650 518560
5 256 26256.5 1.98 100700 415130
6 263 29828.0 197 113700 449710
7 144 30158.7 2.03 110550 468450
8 214 33414.6 2.04 119100 532190
9 246 30439.0 1.94 106770 480800
10 167 28223.5 2.03 105240 433090
11 336 44581.2 2.01 144430 685800
12 89 25683.4 2.00 86880 378100
13 186 28405.3 1.88 102420 440730
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Based on the method introduced in the previous section, the CU scores could be
determined in following three steps:

i.  Caculation of the maximum output through all observed inputs.

ii. Determination of each DMU's capacity through observed fixed inputs,
giving unlimitation to variable inputs (accordant with Johansen's definition
of capacity).

iii.  Estimation a technical measure of capacity utilization applying the ration
of thefirst two steps.

To fulfill this purpose, the models (3) and (5) are applied to calculate the
maximum output with all production factors (fixed and variable inputs) and
capacity output of each DMU with only fixed production factors respectively.
Also, we will use the formula (6) to determine each DMU's CU. These models are
coded using LINGO 11 software. Table 3 shows the obtained CU measures for
each of these DMUs in two different cases (Two-stage and Black box positions).

It is significant to add that in the black box position, the intermediate factors are
ignored. In this position, the DMU is treated and evaluated as single stage system
which transforms the initial inputs to the final outputs.

Table 3. CU estimation of 13 poultry farms in two different cases: Two-stage
and Black box.

* *

P P PF PF CUtwo-stage | CUplack box
DMU | Two- Black Two- Black | = (p*/pr) | = (P"/PF)

Stage box Stage box
1.04983 | 1.05235 | 1.04983 | 1.05235 1.00000 1.00000
1.05872 | 1.11766 | 1.05872 | 1.11766 1.00000 1.00000
1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 1.00000
1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 1.00000
1.00820 | 1.00000 | 1.01901 | 1.04539 0.98939 0.95658
1.01619 | 1.07863 | 1.01619 | 1.07863 1.00000 1.00000
1.04157 | 1.00000 | 1.07612 | 1.11453 0.96789 0.89724
117617 | 1.12908 | 1.17617 | 1.14739 1.00000 0.98404
1.09130 | 1.11582 | 1.11229 | 1.11582 0.98113 1.00000
10 1.04285 | 1.04516 | 1.04285 | 1.04516 1.00000 1.00000
11 1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 1.00000
12 1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 1.00000
13 1.11563 | 1.10801 | 1.11563 | 1.11595 1.00000 0.99288

O ONO|ADWIN|F-

The comparison of obtained CU values from the two different cases (Two-stage
and Black box) leads to the following results. According to table 3, taking or
ignoring the intermediate factors affects in estimating CU scores for special DMU.
It is significant to add that they are not necessarily the same in the both positions.
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As an example, consider DMUg, DMU, and DMU, 5. The assessment of DMUg and
DMU, 5 in two-stage position CU = 1 i.e. these firms are unable to produce more
output consuming the current fixed inputs. However, when they are analyzed in
black box form, their corresponding CU are less than 1 and have excess capacity in
black box position. Accordingly, analyzing DMU, as a two-stage system indicates
that this firm possesses needed potential to produce more output with the current
fixed inputs because of CU < 1, notwithstanding it fully utilizes its fixed inputs
when it is analyzed as a black box. These results indicate that intermediate products
play an important role in the evaluative performance.

The results of table 3 in two-stage position show that al poultry firms
except for DMUg, DMU, and DM U, fully utilize their fixed inputs. In other words
only 23% of total units don't operate with full capacity therefore they could
increase their outputs without alternation in level of fixed inputs. Note that the
obtained information of CU could help managers decide the performing
improvement of DMUSs. Since, fixed inputs are unaltered in the short-run so the
managers should have great consideration on variable production factors.

In order to check the results of table 3, we consider the DMU., and use models (3)
and (5) to evaluate and estimate the CU score of this firm. The following optimal
values are obtained
p* = 1.041568 and pr = 1.076123
Now, we can calculate its corresponding CU by using relation (6) as follows:

p* 1041568 _
CUbwy, = o= = To7g173 = 0967889 = 097 or ((1 = CUpnu, ) * 100)
= 0.03%

Since CUpyy, < 1 so thisfirm is able to produce more output consuming current

fixed inputs. In other hand, DMU-, only utilizes 97% of its capacity, indicating that
DMU., should reduce its fixed inputs. This obtained measure illustrates that there is
a possibility to improve its production by 3% without additional fixed inputs.
Similar analyses can be carried out for other DMUs.

6. Conclusion

The conventional DEA models regard the production systems as black
boxes which only their initial inputs and final outputs are effective to evaluate their
efficiency. These models are not efficient enough in the evaluating performance of
systems especially two-stage network production systems. The crucia reason of
the inefficiency is the negligence of production units internal structure and the
inadvertence of the internal products. Hence, their obtained estimates often appear
inaccurate. The present paper has investigated performance of the general two-
stage production systems through estimation of capacity utilization in the presence
of undesirable factors. The capacity utilization is an important economic parameter
(indicator) of performance which points out the ability of DMUs to use fixed
factors of production in short-run. Therefore, in short-run these factors are
classified into fixed and variable inputs.
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In order to provide a non-radial measure of this indicator to improve
Cooper €t al.'s work on these systems, the SBM-based network DEA model is
offered. In fact, this model has applied the weak disposability to modeling network
DEA with undesirable factors. An empirical example is presented in two different
positions (Black-box and Two-stage) to illustrate the effect of intermediate
products on CU value. The obtained values for some of units were not necessarily
the same in the both positions. Likewise, the achieved results of two approaches
(traditional & network) indicated that regarding internal products in comparing to
traditional method, it works more precisely and is more reliable for planning. The
suggestion provided for the prospective researcher is to extend the fuzzy and
stochastic version of proposed model.
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